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ON ABSENCE OF BOUND STATES FOR WEAKLY ATTRACTIVE 
^-INTERACTIONS SUPPORTED ON NON-CLOSED CURVES IN 

MICHAL JEX AND VLADIMIR LOTOREICHIK 


Abstract. Let A C be a non-closed piecewise-C^ curve, which is either bounded with two 
free endpoints or unbounded with one free endpoint. Let m±|a £ be the traces of a function 

u in the Sobolev space (R^ \ A) onto two faces of A. We prove that for a wide class of shapes 
of A the Schrodinger operator with 5'-interaction supported on A of strength uj G L°°(A;R) 
associated with the quadratic form 

iL^(R^ \ A) 9 u I—>■ / |Vu|^dx— / a;|u+|A — u_|A|^ds 
Jk2 Ja 

has no negative spectrum provided that to is pointwise majorized by a strictly positive function 
explicitly expressed in terms of A. If, additionally, the domain R^ \ A is quasi-conical, we show 
that o'(H^) = [0, +oo). For a bounded curve A in our class and non-varying interaction strength 
(u e R we derive existence of a constant a;* > 0 such that cr(H^) = [0,-|-oo) for all oj € (— 00 ,a;*]; 
informally speaking, bound states are absent in the weak coupling regime. 


1. Introduction 

In this paper we study the self-adjoint operator corresponding to the formal differential ex¬ 
pression 

—A — — A), on 

with the (jLinteraction supported on a non-closed piecewise-C^ curve A C which is either 
bounded with two free endpoints or unbounded with one free endpoint, here u) £ L“(A;M) is 
called the strength of the interaction. More precisely, for any function u in the Sobolev space 
\ A) its traces rt±|A onto two faces of A turn out to be well-defined as functions in L^(A), 
and employing the shorthand notation [uJa := 'w+|a — u-\a we introduce the following symmetric 
sesquilinear form 

:= (Vu, Vu)i2(]R2.c2) - (a;[u]A, Ha)l2(a), 
domain := H\R^\ A), 

which is closed, densely defined, and semibounded in the Hilbert space see Proposition 

Let be defined as the unique self-adjoint operator representing the form in the usual manner. 
We regard as the Schrodinger operator with 5'-interaction of strength oj supported on A. 

The aim of this paper is to demonstrate a peculiar spectral property of H^. Namely, we show 
absence of negative spectrum for under not too restrictive assumptions on the shape of A 
and assuming that the strength oj is pointwise majorized by a strictly positive function explicitly 
expressed in terms of the shape of A. The important point to note here is that the discovered 
phenomenon is non-emergent for ^-interactions supported on loops in cf. [31 Thm. 4.4]. 


Key words and phrases. Schrodinger-type operators, (5'-interactions, non-closed curves, negative spectrum, min- 
max principle, linear fractional transformations. 


1 



2 


MICHAL JEX AND VLADIMIR LOTOREICHIK 


The basic geometric ingredient in our paper is the concept of monotone curves. A non-closed 
piecewise-C^ curve A C is monotone if it can be parametrized via the piecewise-C^ mapping 
: (0, -R) —)• M, ii E (0, +oo], as 

(1.2) A = {xq + (r cos (p{r),r sin ipir)) E : r E (0, i?)}; 

here xq E is fixed. For example, a circular arc subtending an angle 0 < vr is monotone, whereas 
a circular arc subtending an angle 0 > tt is not. 

In the next theorem, which is the first main result of our paper, we provide a condition on 
oj ensuring absence of negative spectrum for the operator with A being monotone. The 
statement of Theorem A below is contained in Theorem 14.21 in Subsection 14.21 


Theorem A. Let a monotone piecewise-C^ curve A C 6 e parametrized as in (1.2) via 
ip: (0,i2) —)■ M, Re (0,+oo]. Then the spectrum o/ satisfies 


C [0,+oo) if Uj{r) < 


1 


27rr^l + {rip'{r))^ ’ 


for r E ( 0 , R). 


If Lj is majorized as above and, additionally, the domain \ A is quasi-conical, then (t(H^) = 
[0, +CXD). 

Roughly speaking, a domain C is quasi-conical if it contains a disc of arbitrary large 
radius; see Subsection 3.2 for details. In Proposition 4.7 we demonstrate that, in general, the 
operator may have negative spectrum if the ^'-interaction is “sufficiently strong”. 

Operators with non-varying strengths w E M are of special interest. One can derive from 
Theorem A that for a bounded monotone A one can find a constant w* > 0 such that 

(1.3) (t(H(^) = [0,-l-oo) for all w E (—oo, w*]; 

in other words, there are no bound states in the weak coupling regime. Computation of the 
largest constant cu* > 0 such that (1.3) still holds presents a more delicate problem, which will 
be considered elsewhere. 

In the formulation of the second main result of the paper we use the notion of a linear fractional 
transformation (LFT). The complex plane C can be extended up to the Riemann sphere C := 
C U {oo} with a suitable topology and for a, 6 , c, d E C such that ad —be fit) one defines the LFT 
as 

^ T b 

M: C —>■ C, M{z) := -,, 

cz -\- d 

with the exception of the points z = oo and z = —d/cife 7 ^ 0 , which have to be treated 
separately; see Subsection 2.3 The next theorem generalizes Theorem A to the case of curves. 


which are images of monotone curves under LFTs; the statement of this theorem is contained in 
Theorem 4.12 in Subsection 4.3 Here, we confine ourselves to non-varying interaction strengths 
only. 

Theorem B. Let A C 6 e a bounded piecewise-C^ 

M: C — 7 - C such that M(oo), M“^(oo) ^ A and that M 
constant w* > 0 such that 

= [ 0 ,+oo) 


curve. Suppose that there exists an LFT 
“^(A) is monotone. Then there exists a 


for all OJ E (—00,0;*]. 

In the main body of the paper also an explicit formula for w* in the above theorem is provided. 
Using Theorem B we can treat, e.g ., any circular arc, si nce it can be mapped via a suitable LFT 
to a subinterval of the straight line in see Example 4.13 One may even conjecture that for 
any bounded A there exists an cu* > 0 such that cr(H^) = [0, -|-oo) for all ui E (—00,0;*]. 
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Our proofs rely on the min-max principle applied to the form in (1.11 on a suitable core. A 
further important ingredient in our analysis is careful investigation of a model one-dimensional 
problem with a point ^-interaction on the loop. 

The results of this paper contribute to a prominent topic in spectral theory: existence/non¬ 
existence of weakly coupled bound states for Schrodinger-type operators. Absence of bound 
states in the weak coupling regime holds for Schrodinger operators with regular potentials in 
space dimensions d > 3 (but not for d = 1,2!); see |38]. Also such an effect occurs for 6- 
interactions supported on arbitrary compact hypersurfaces in (see m) and for (5-interactions 
on compact non-closed curves in (see mi)- However, for (5-interactions in supported on 
arbitrary compact curves such an effect is non-existent mm- 

Schrodinger operators with (5'-interactions supported on hypersurfaces are attractive from phys¬ 
ical point of view, because they exhibit rather unusual scattering properties; cf. PQ Chap. 1.4]. 
These operators are also physically relevant in photonic crystals theory j2D]. As a mathemat¬ 
ical abstraction they were perhaps first studied in 13 EZj, where interactions were supported 
on spheres. A rigorous definition of such operators with interactions supported on general hy¬ 
persurfaces has been posed in m §7.2] as an open question. Such Hamiltonians with interac¬ 
tions supported on closed hypersurfaces without free boundaries have been rigorously defined 
in jS] using two approaches: via the theory of self-adjoint extensions of symmetric operators 
and by means of form methods. Spectral properties of them were investigated in several sub¬ 
sequent works O H El Eg Eg IMl [33. In the recent preprint [33] Schrodinger operators with 
(5'-interactions supported on non-closed curves and surfaces are defined via the theory of self- 
adjoint extensions and their scattering properties are discussed. 

Let us briefly outline the structure of the paper. Section [^presents some preliminaries: Sobolev 
spaces, geometry of curves, linear fractional transformations, and a model one-dimensional spec¬ 
tral problem. Section provides a rigorous definition of the operator and a characterisation 
of its essential spectrum. Section contains proofs of our main results, formulated in Theorems 
A and B, as well as some related results and examples. In Section [^ final remarks are given 
and two open questions are posed. A couple of standard proofs of identities related to LFTs are 
outsourced to Appendix [Aj 


Notations. By Dr{x) := {x £ : jx — xq] < 72} we denote the open disc of the radius 72 > 0 

with the center xq £ M^. If such a disc is centered at the origin, we use the shorthand notation 
Dji := Dr{0). By definition we set Doo := For a self-adjoint operator T we denote by (Tess(T), 
(Td(T), and (t(T) its essential, discrete, and full spectra, respectively. For an open set H C 
the space of smooth compactly supported functions and the first order order Sobolev space are 
denoted by 7?(H) and by 77^ (H), respectively. 
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Austria-Czech Republic co-operation grant CZOl/2013 and by the Czech Science Foundation 
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2. Preliminaries 


This section cont ains some preliminary material that will be used in the main part of this 
we provide basic facts on the Sobolev space in par ticu lar, we define 
\ A) for a non-closed Lipschitz curve A. In Subsection 


paper. In Subsection 
the Sobolev space H 


2.1 


2.2 


we introduce 


the notions of a piecewise-C^ curve and of a monotone curve. The concept of the linear fractional 
transformation is discussed in Subsection 2.3 A model spectral problem for one-dimensional 
Schrodinger operator with one-center J'-interaction on a loop is considered in Subsection 2.4 and 
a sufficient condition for absence of negative eigenvalues in this spectral problem is established. 


2.1. Sobolev spaces. Let C be a simply connected Lipschitz domain from the class de¬ 
scribed in |391 Ch. VI]. This class of Lipschitz domains includes (as a subclass) Lipschitz domains 
with compact boundaries as in j35l Ch. 3], hypographs of uniformly Lipschitz functions, and some 
other domains with non-compact boundaries. In what follows the Hilbert spaces L^(H), C^), 

and are defined as usual; see e.g. [351 Ch. 3] and [31]. For the sake of brevity 

we denote the scalar products in both L^(H) and by (•,-)o without any danger of 

confusion. The scalar product in Lp‘{dLl) is abbreviated by (•, ■)dn- The space of functions on H 
smooth up to the boundary dVl is defined as 

V{Tl) := {uln-.uGViR^)}. 

By [351 Thm. 3.29], see also [311132]) the space is dense in both Lp‘{p) and The 

natural restriction mapping 'D{Ll) 3 u ujan e can be extended by continuity up to the 

whole space see e.g. [351 Thm. 3.37] and [31]. The corresponding extension by continuity 

3 u u\dfi G L^(cAI) is called the traee mapping. The statement of the first lemma in 
this subsection appears in several monographs and papers in various forms; see e.g. [31 Lem. 2.6] 
and m Lem. 2.5] for two different proofs of this statement. 

Lemma 2.1. Let H C be a Lipsehitz domain. Then for any e > 0 there exists a eonstant 
C{e) >0 sueh that 

IjiilafillgQ < sljVttll^ -I- ^(e)]]^]]^ 

holds for all u G 

The following hypothesis will be used throughout the paper. 

Hypothesis 2.1. Let H_|_ C 6e a simply eonneeted Lipsehitz domain from the above elass, 
whose eomplement := ]R^\H_|_ is a Lipsehitz domain from the same elass. Set S := cAI_|_ = dLl- 
and suppose that A C T, is a eonneeted subare of S, whieh is not neeessarily bounded if S is 
unbounded. 

Obviously, the orthogonal sum L7^(H_|_) ©L7^(H_) is a Hilbert space with respect to the scalar 
product 

(u+ ©!/-,'(;+ ©u-)i := {u+,v+)h 1 {q+) + u±,v± G 

The norm associated to this scalar product is denoted by jj • jji. Let us define the jump of the 
trace as 

[n]s := 'w+js — U-ls, u = u+ ® u- £ 

The Hilbert space Lf‘{Yi) can be decomposed into the orthogonal sum 

L^ifT) = L^{A) ® L^{^\A). 
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The scalar products in L^(A) and \ A) will further be denoted by (•, •)a and (•, •)s\A- Clearly 
enough, the restrictions of rt±|s for a C to the arcs S \ A and A satisfy rt±|s\A G 

\ A) and u±|a C A^(A). Let us also introduce the notations 

[ti], := n+|, — • = A,S\A, u = ri_|_ © rt_ G Lf^(n_|_) © Lr^(0_). 

The linear space 

(2.1) FA:={uGP(n7)©P(nr): [n]s\A = 0} 

is a subspace of the Hilbert space and its closure in 


( 2 . 2 ) 




\A) :=Fa"'" 


is itself a Hilbert space with respect to the same scalar product (•, Oi- 

Remark 2.2. The above construction of the space \ A) can easily be translated to the higher 

space dimensions, in which case A will be a hypersurface with free boundary (open hypersurface). 

Remark 2.3. The space \ A) can also be defined in an alternative way. The set \ A 

is an open subset of Hence, one can define for any u G L^(M^) its weak partial derivatives 
diu and d 2 U by means of the test functions in 2?(M^ \ A); see e.g. [35l Ch. 3]. Then the space 
H^(]R^ \ A) is given by 

rim2 = (n G L2 (m2). diu,d2U G L^R^)}. 




We are not aiming to provide here an argumentation that this new definition gives rise to the same 
space as in (2.21. It is only important here that the equivalence of these definitions automatically 
implies that the space H^(M^ \ A) is independent of the continuation of the arc A up to S. 
Another way of verifying the independence of the space \ A) from a continuation of A can 

be found in [9]. 

Next proposition collects some useful properties of the traces of functions in \ A) onto 

S \ A and onto A. 

Proposition 2.4. Let the curves S,A C and the domains C be as in Hypothesis 2.1 
Let the Hilbert space (H^(M^ \ A), (•, •)!) be as in (2.2). Then the following statements hold. 

(i) [ri]s\A = 0 for all u G H^(M^ \ A). 

(ii) For any e > 0 there exists a constant C{e) >0 such that 

IIMaIIa < ^l|Vn||^2 +C(e)||7x||^2 

for all u G H^{R‘^ \ A). 

Proof, (i) It can be easily checked that the continuity of the trace mappings 

H\n±) n±|s G T2(S) 

implies that the mapping 

H^{n+) © H\n-) [u]e\a G A2(S \ A) 

is well-defined and continuous. Note that for any u G iL^(]R^ \ A) there exists an approximating 
sequence {un)n C F\ {cf. (2.2|) such that \\un — rtHi —>■ 0 as n —)■ oo. Hence, we obtain 

Ms\a = Ijm K]e\a = 0. 
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(ii) By Lemma 2.1 for any e > 0 there exist constants C±{e) > 0 such that 

(2-3) ll^ilslll < (£/2)||Vt6±||Q^ +<^±(6)1111^11^^ 


for all u G Set then C(e) := max{2C'+(e), 2C'_(e)}. Using the result of item 

(i) and the bounds (2.31 we obtain that for any e > 0 and any tt = n+ © tt_ G \ A) C 

holds 


= II Ms III < 2||n+|s||s + 2||n_|s||| 

< e||Vu+||Q^ + e||Vu_||Q_ + 2 C'+(e)||u+||Q^ + 2 C-{£)\\u-\\q_ 
<e\\Vu\\l, + C{e)\\u\\l,. 


□ 


Remark 2.5. For oji,oj 2 G L°°(A;M) by writing oji < 0 J 2 we will always implicitly mean that 
<V 2 — wi > 0 almost everywhere. 

2.2. On curves in We begin this subsection by defining the notion of a piecewise-C^ curve. 
It should be emphasized that, especially for unbounded curves, definition of a piecewise-C^ curve 
is non-unique in the mathematical literature. 

Definition 2.6. A non-closed curve A C satisfying Hypothesis 
can be parametrized via a piecewise-C^ mapping 

(2.4) A(s) := (Ai(s),A 2 (s)), I := (0, L), L G (0,+ 00 ], 

such that A(I) = A and A is injective. If, moreover, |A'(s)| = 1 for almost all s G I, then such a 
parametrization is called natural and L is then called the length of A. 

We require in the above definition, that the curve A satisfies Hypothesis |2.1[ to avoid increasing 
oscillations at infinity for unbounded curves. 

Further, we proceed to define a (non-standard) concept of a monotone curve. The authors 
have not succeeded to find a common name for this concept in the literature on geometry. 

Definition 2.7. A piecewise- Cl curve A C is called monotone if it can he parametrized via a 
piecewise- Cl mapping </?: (0, i?) —)■ M with R G (0, + 00 ] such that 

A = {xo + (rcos(^(r),rsin(^(r)) G : r G (0,i?)} 

with some fixed xq G M^. 


2.1 is called piecewise-Ci if it 


Informally speaking, a curve A is monotone if the distance (measured in M^) from one of 
its endpoints is always increasing when travelling along A from this endpoint towards another 
endpoint or towards infinity. 


Remark 2.8. For a curve A C as in Definition 2.7 any function uj G L°°{A) can be viewed as 
a function of the argument r G (0,72). 


2.3. Linear fractional transformations. For later purposes we introduce linear fractional 
transformations (LFT) and state several useful properties of them. To work with LFT it is 
more convenient to deal with the extended complex plane (Riemann sphere) C := CU{oo} rather 
than the usual complex plane. The complex plane itself as a subset of C can be naturally identified 
with the Euclidean plane and occasionally we will use this identification. 

For the purpose of convenience the extended complex plane C is endowed with a suitable 
topology: a sequence {zn)n G C converges to z G C if one of the following conditions holds: 
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(i) z = oo and there exists G N such that Zn = oo for all n > iV; 

(11) z = oo and any infinite subsequence {zn,.)k C C of {zn)n satisfies lim \znfj\ = oo; 

k—^oo 

(iii) 2 G C, there exists G N such that Zn ^ oo for all n > N, and lim Zn = z in the sense of 

n—>oo 

convergence in C. 

This definition of topology can also be easily reformulated in terms of open sets. The above 
topology on C is equivalent to the topology of (unit sphere in M^). A natural homeomorphism 
between C and is called stereographic projection] see e.g. |291 §6.2.3]. 

For a,b,c,d G C such that ad — be ^ 0 the mapping M: C —)■ C is an LFT if one of the two 
conditions holds: 

(i) c = 0, d / 0, M(oo) := oo, and M{z) := {ajdjz -|- ( 6 /d) for z G C. 

(ii) c / 0, M(oo) := a/c, Mty—djc) := oo, and M{z) := for z G C, 2 : 7 ^ —djc. 

The following statement can be found in [291 §6.2.3]. 

Proposition 2.9. Any LFT M: C —)■ C is a homeomorphism with respect to the above topology 
on C and its inverse M~^ is also an LFT. The composition Mi o M 2 of two LFTs Mi, M 2 is an 
LFT as well. 


It is convenient to introduce Mi{x,y) := ReM(x -|- \y) and M 2 {x,y) := ImM(x -|- \y). Then 
Cauchy-Riemann equations 

(2.5) = dyM 2 , a, M2 = - dyMi , 

hold pointwise in except the point M“^(oo). In view of these equations the Jacobian of 

the mapping M can be computed (again except the point M“^(oo)) by the formulae 

(2.6) Jm = (5.Mi)2 + {dyMif = {d^M2f + {dyM2f] 

also the following relation turns out to be useful 

(2.7) (VMi, VM 2 ) = dxMidxM 2 + dyMidyM 2 = 0; 

ie. the vectors VMi and VM 2 are orthogonal to each other. 

Next auxiliary lemma is of purely technical nature and is proven for convenience of the reader. 

Lemma 2.10. Let M be an LFT with the Jacobian Jm- Then for any x G x 7 ^ M~^{oo), 
and any function u: ~ C —)■ C differentiable at the point M{x) 

\{^v){x)\^ = \{Vu){M{x))\^Jm{x) 

holds with V = u o M. 


Proof. Using relations (2.6), (II^) , and the chain rule for differentiation we obtain 

jVuJ^ = ](«; o M)d^Mi + {u'y o M)d^M2\^ + |« o M)dyMi + {u'y o M)dyM2\ 

((nX)oM) •(VMi,VM2) 


(K o M\^ + \u'y o M\^)Sm + 2Re 
(K o M\^ + ]«; o M\^)]m = |(Vu) o M\^]m- 


The claim is thus shown. 


□ 
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2.4. Point ^'-interaction on a loop. In this subsection we introduce an auxiliary self-adjoint 
Schrodinger operator T acting in the Hilbert space (L^(/), (•, •)/) with I := (0,d) and corre¬ 
sponding to a point J'-interaction on the one-dimensional loop of length d > 0. Employing the 
following shorthand notation 

[ijjdi := tpid-) - 

we define 

(2.8) T d,uj'4’ ■=-'ip", domJ d,uj ■= ^ ^^'{0+) = Ip'{d-) = ul'ipjai}, 

where w £ M; see m El uni [Ml 123 ES] for the investigations of more general operators of this 
type. Note that w = 0 corresponds to Neumann boundary conditions at the endpoints. Next 
proposition states a spectral property of which is useful for our purposes. 


Proposition 2.11. The self-adjoint operator Td^ui in the Hilbert space defined in (2.8), is 

non-negative if du <1. 

Proof. We prove this proposition via construction of an explicit condition for the negative spec¬ 
trum of Td,u] and its analysis. Obviously, the spectrum of Td,(jj is discrete (due to the compact 
embedding of H‘^{I) into An eigenfunction of which corresponds to a negative 

eigenvalue A = < 0 (a > 0) is characterized by the following two conditions: 

(2.9a) —'ip"{x) = —K^'ip{x)] 

(2.9b) 'ip'i0+) = fi'{d-) = u}[iP]qi. 

The condition (2.9a) is satisfied by a function, which can be represented in the form 

fi{x) = Aexp(Kx) -|- Bexp{—Kx), x G (0, d), 

with some constants A,BgC. Simple computations yield 

'i/’(0-|-) = AB, fi’id—) = Aexp{Kd) -|- B exp(—Kd), 

^p'{0+) = nA — kB, 'ip'{d—) = KAexp{Kd) — aH exp(— acZ). 


The above identities and the condition (2.9b) together imply 
(2.10a) 


^ ^ 1 -exp(-Ad) ^_ 


1 — exp(«:d) 


(2.10b) 


kA — kB = 


Substituting the formula (2.10a) into (2.1 

^gA -exp(-«d)- \ _ 


a;^A(exp(Ad) — 1) -|- B{exp{—Kd) — 1)^. 
, we arrive at 


^ = o;^ — B{1 — exp(—Kd)) -|- H(exp(—Ad) — 1)^, 


1 — exp (Ad) 
that is equivalent to 

exp(—Ad) — exp(Ad) = — — exp(—Ad)^ 

Making several steps further in the computations, we obtain 

2w (1 — exp(—Ad))(l — exp(Ad)) 2co exp(Ad) — 1 


— ex' 


p(Ad)). 


1 = 


A exp(Ad)(exp(—2Ad) — 1) 

2uj 1 — exp(—Ad) 

A 1 -|- exp(—Ad) 


A exp(Ad)(exp(—Ad) -|- 1) 
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Define then the following function 

Quj{k) := 


2a; 1 — exp{—Kd) 
K 1 + exp{—Kd) ’ 


K > 0. 


Hence, the point A = — is a negative eigenvalue of Jd,u) if and only if = 1. Let us 

consider the following auxiliary function 


fix) := 


1 — e 


X > 0, 


1 + e-^ 

which is clearly continuously differentiable, and whose derivative is given by 

2 


(e^/2 + e-^/2)2^ 


X > 0. 


Hence, using the standard inequality a + 1/a > 2, a G (0, +oo), a / 1, we get f\x) <1/2 for all 
X > 0. Applying the mean value theorem to /, we obtain 

/(x) = /(0) + /'(O(t-0) = /(Ot<|; 


2a; 


here ^ G (0,x). Finally, note that 

0 < Ouji^) = — fi^d) < doj. 

K 

Thus, for do; < 1 the equation Qu){k) = 1 has no positive roots and the claim follows. □ 

According to e.g. the operator represents the sesquilinear form 

(2.11) := doma^,^ := 

and we can derive the following simple corollary of Proposition 2.11[ 


Corollary 2.12. Let the sesquilinear form be as in (2.11). If doj < 1, then ad^uilif] > 0 for 
all if G 

Remark 2.13. Consider the non-negative symmetric operator 

Sif-=-if'\ domS := Hlil), 

in L2(/). The operator S is known to have deficiency indices (2, 2). One may consider self-adjoint 
extensions of S in ^2(7). The self-adjoint operator T^^^ with do; = 1 turns to be the Krein-von 
Neumann extension of S (the “smallest” non-negative self-adjoint extension of S'); 7e. for any 
other non-negative self-adjoint extension T of S 

(r + a)-i < (Trf,^ + a)-i 

holds for all a > 0; see e.g. jSHl Cor. 10.13, T hm . 14.25, Ex. 14.14]. 


3. Definition of the operator and its essential spectrum 
In this section we rigorously define using form methods Schrodinger operators with d'-jnteractions 


supported on non-closed curves as in Hypothesis 2.1 and characterise their essential spectra. In 
the latter characterisation the notion of a quasi-conical domain plays an essential role. 
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3.1. Definition of the operator via its sesquilinear form. Schrodinger operators with 5'- 
interactions supported on closed hypersurfaces were defined and investigated in [a El El na Eg 
ES]. The goal of this subsection is to define rigorously Schr odinger operator with ^-interactions 
supported on a non-closed curve A satisfying Hypothesis |2.l[ In the case of a bounded C^’^-smooth 
curve A our definition of the operator agrees with the one in the recent preprint [33], where this 
Hamiltonian is defined using the theory of self-adjoint extensions of symmetric operators. 

Let a; G L“(A;M) and denote by Halloo its sup-norm. Recall the definition of the sesquilinear 
form in (1.11 

(3.1) a^[u, v] := (Vu, Vu)]r2 - (w[u]a, Ha)a, 

If cj = 0, we occasionally write instead of 


doma(} := \A). 


Proposition 3.1. Let A C be as in Hypothesis 2.1, let uj G L“(A;M), and let the linear spaee 
Fa be as in (2.1). Then the sesquilinear form in (3.1) is elosed, densely defined, symmetrie, 


U) 

2/10)2 


). Moreover, C dom is a eore for this 


and lower-semibounded in the Hilbert spaee L 
form. 

Proof. Since a^[u,ii\ G M for all u G doma(}, the form is, clearly, symmetric. It is straightfor¬ 
ward to see the chain of inclusions F(M^) C Fa C dom a)}. Density of dom in L^(]R^) follows 
thus from the density of F(M^) in for the latter see e.g. |35l Cor. 3.5]. 

The norm induced in the conventional way by the form on its domain \ A) is easily 

seen to be equivalent to the norm 
and the space Fa, being dense in H^ 
introduce an auxiliary form 

o'[?x,u] := (a;[ti]A, Ha)a, dom a' := \ A). 


1 introduced in Subsection |2.1[ Hence, the form is closed 
\ A), is a core for it; ef. [33 L)fn. 10.2]. Let us then 


Using Proposition 2.4 (ii) we get for all e > 0 the following bound 

la'['u,u]l < e llwllooaN)^,^] -h C'(e)Halloo||tt||M 2 

with some C{£) > 0. Choosing e < — in the above bound, we obtain that a! is relatively 

bounded with respect to with form bound < 1. Hence, by |36[ Thm. 10.21] (KLMN theorem) 
the form 0(^ = 0^ + o! is closed and the space Fa is a core for it. □ 

Definition 3.2. The self-adjoint operator in F^(M^) eorresponding to the form via the 
first representation theorem (see e.g. [251 Ch. VI, Thm. 2.1]J is called Schrodinger operator with 
5'-interaction of strength uj supported on A. 

If o; is a non-negative function, then we occasionally say that the respective ^'-interaction is 
attractive. 

3.2. Essential spectrum. In this subsection we characterise the essential spectrum of the op¬ 
erator H(}. To this aim we require the following auxiliary lemma. 


Lemma 3.3. Let the self-adjoint operator be as in Definition 
holds 


3.2 


Then for any u G \ A) 


(3.2) 


u G dom and = —Au 


A„ 


Proof. Let S and be as in Hypothesis 2.1 Let u G F(M^ \ A) C Fa C dom a(j and v G dom a, 


Define u± := u ]" Ll± and v± := v ( Ll±. With these notations in hands we get 

= {Vu+,Vv+)n+ + iVu-,Vv-)n_, 
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where the boundary term in (3.1) vanished due to the choice of u. Applying the first Green 
identity (see e.g. |35l Lem. 4.1] and also |3l Sec. 2]) to the above formula, we get 

= {-^u+,v+)n^ + {-Au-,v-)n_ 

+ (c^i^+if-i-lEVA + ^Is\a)2\a 

+ (5,.+n+|A,u+|A)^ -h {du_u-\/^,v-\/C)j^ = (-Au,i;)r2, 

where we employed that du^u±\\ = 0, that + 9i/_rt_|s\A = 0; and that [u]s\a = 0; for 

the latter c/.Proposition 2.4 (i). Finally, the first representation theorem yields (3.2). □ 

Next, we define the notion of the quasi-conical domain; see [22] and also m Def. X.6.1]. 

Definition 3.4. A domain 14 C is called quasi-conical if for any n G N there exists Xn G 
sueh that Dn{xn) C 14. Recall that here Dn{xn) is the disc of radius n with the eenter Xn- 

Using this notion, we prove that positive semi-axis lies inside the spectrum of H]} if the domain 
\ A is quasi-conical. The technique of this proof is rather standard. 

Proposition 3.5. Let the eurve A C as in Hypotheses 2.1 be such that th e dom ain \ A is 
quasi-eonieal. Then the speetrum of the self-adjoint operator in Definition 3.2 satisfies 

(3.3) ct(H;^) D [0,+oo). 

Proof. First, for any A: G M^, define the sequence 


Unix) := Vnix)e' 


\k-x 


n G N, 


where Vnix) := n“^u(n“^x), n G N, and u is a non-trivial function in X4(M^) with suppu C Di 
and such that ||u||r 2 = 1. The prefactor in the definition of Vn is chosen in such a way that also 
each Vn satisfies ||u,i||r 2 = 1. In fact, we have (by direct computations) 

I|Au||]r2 


(3.4) 

Secondly, we set 


r'n||R2 


= 1 , 


n 


I|Vu„||]r2 = 

Wnix) := Unix - Xn), 


||Ai;„ 




n G N, 

with Xn corresponding to the quasi-conical domain \ A according to Definition 3.4, Hence, we 
get 

suppwn c DniXn) C \ A, 

and therefore Wn G 24(M^ \ A) for all n G N. It is clear in view of Lemma 
to dom H)} D I4(]R^ \ A). 

A direct computation yields 

I - Awn - \k\‘^Wn\'^ < 2|Aun|^ “h 4|fc • < 2\Avn\'^ + 4|A:p • \Vvn\^. 


3.3 


that each Wn belongs 


Using (3.4) and Lemma 3.3, we therefore have 


^ifwn - \k\’^Wn\\l2 = II - Arcn - |A:|^rCn||M2 < 2 ||Ai;„||r 2 -h 4|/c|^||Vun||R2 -t 0, 


n 


oc. 


Since the choice of /c G was arbitrary, we conclude applying Weyl’s criterion (see gH Sec. 7.4] 
and also |30l Thm. 4]) that [0,-|-oo) C cr(H]}). □ 


We emphasize that not for every non-closed curve A C the domain \ A is quasi-conical; 
e.g.loi the Arehimedean spiral, defined in polar coordinates (r, </?) by the equation r((/?) := a-\-b(p, 
if G M+, a, 6 > 0, the domain \ A is not of this type. 

In the case of bounded curves we show that the essential spectrum of H]} coincides with the 
set [0, -|-oo). 
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Proposition 3.6. Let the boun ded eurve A C 
operator be as in Definition 


3.2 


^ be as in Hypothesis 2^ and let the self-adjoint 
Then its essential speetrum is eharaeterised as 
A\ 


Cress(H^) = [0,+00). 

Proof. Let the curve S C and the domains C be as in Hypothesis 
A C S. Let us also set c := ||ci;||oo- Consider the sesquilinear form 

[n,u] := (Vu, Vi;)]r 2 - c([u]s, Ms)s, 

dom := 


2.1 


in particular, 


(3.5) 


According to O Prop. 3.1] the form is closed, densely defined, symmetric, and lower- 
semibounded in The self-adjoint operator in representing the form o^, satisfies 

(3.6) (Tess(H^) = [0,+oo); 

see 131 Thm. 4.2] and also [5l Thm. 3.16]. The sesquilinear forms and in (3.1) and (3.5), 
respectively, naturally satisfy the ordering 

...s . „A 

Clg © 

in the sense of [231 §VL2.5], see also [HI §10.2.3]. Indeed, firstly, domo]} C doma^ and, secondly, 
for any u € doma^ the inequality c^[u,u] < aO[M,u] holds due to the choice of the constant 
c > 0. Hence, using (3.6) and [H §10.2, Thm. 4] we arrive at 

0 = inf (Tess(H^) < inf (Tess(H(}). 

Therefore, we end up with the following inclusion 

(3.7) Uess(H(^) C [0,+oo). 

Moreover, for simple geometric reasons for any bounded curve A the domain \ A is quasi- 
conical and hence by Proposition 3.5 the opposite inclusion 

(3.8) Uess(H;}) © [0,+oo) 


holds as well. The claim then follows from these two inclusions ((3.7) and (3.8)). 


□ 


4. Non-negativity of 

This section plays the central role in the present paper. We obtain various sufficient conditions 
for the operator to be non-negative. Under additional assumptions we also show that positive 
spectrum of comprises the whole positive real axis and thus the operator has no bound 
states. In the proofs we use the min-max principle for self-adjoint operators, a reduction to the 
one-dimensional model problem discussed in Subsection |2.4[ and some insights from geometry 
and complex analysis. 


4.1. An auxiliary lemma. In this subsection we prove a lemma, based on which we show non¬ 
negativity of the operators under certain assumptions on cj. For the formulation of this lemma 
we require the following hypothesis, the assumptions of which are grouped in three logical blocks 
labelled by capital latin letters. 


Hypothesis 4.1. (A) Let a monotone piecewise-C^ curve A C 
mapping (/?: (0, i?) —)■ M, i? G (0, +oo], as in Definition 2.7 with xq = 0. 


be parametrized via the 


(B) Suppose that piecewise-U^ domains G± C Dr satisfy the following conditions: 


G+ n G_ = 0, Dr = G+ U G_, and A c G+ n G_. 
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Set S := G+ n G_. In particular, the inclusion A C S holds. 

(C) Let the function uj G L“(A;M) as a function of the distance r from the origin satisfy 


(4.1) 


Lo{r) < 


1 

27rr\/l -|- 


for r G (0, R). 


We further deal with the space C L^(ZIr). Let us introduce also the 

following notations 

[tt], := u+|, — u_|,, • = A or S \ A, u = u+(B U- E II^(G+) (B ff^(G-). 

Clearly, one can define polar coordinates (r, (p) on which are connected with the usual 
Cartesian coordinates via standard relations x = r cos ip and y = r sin cp. The points (r, ip + 2'Kk) 
with k € Z are identified with each other. The disc Dr in the polar coordinate system is given 
by Dr= {{r,ip): r £ [0, R), ip £ [0, 27r)}. 

For the substantial simplification of further computations we make use of the following short¬ 
hand notation: 


(4.2) := \\Vu\\l^ - (cuMa, [n]A)A, u £ P(G+) ©P(G_), 

where all the objects are as in Hypothesis |4.1[ Now we formulate and prove the following lemma. 


Lemma 4.1. Assume that Hypothesis 4-1 
sueh that [rt]s\A = 0. 


holds. 


Then >0 for all u £ T*(G+) © V{G-) 


Proof. Let u £ I1(G+) © I1(G_) be such that [m]s\a = 0- Tbe proof of ^[u] > 0 is then split 
in three steps. 

Step 1. For any {x,y) £ Dr \ S the value |(Vri)(x,y)p can be expressed in polar coordinates 
(r, ip) as 

|(Vu)(x,y)p = \{dru){r,ip)\‘^ + ^\{d^u){r,ip)\^. 

Using the above expression for the gradient we obtain the following estimate 


rZTT pH pH 1 / pZir \ 

(4.3) ||VM|||,^ = y^ \{Vu){r,ip)\^rdrdip < |(a^M)(r, (/?)|2d9jjdr, 

in which we have thrown away a positive term in the second step. Interchanging of the integrals 
in the above computation can be justified by Fubini’s theorem (see e.g. |40l Ch. 2, Thm. 3.1]). 

Step 2. Using the mapping (0, i?) —>■ M as in Hypothesis 4.1 (A) we define the following 
auxiliary function 

j(r) := ^1 + (V(r))2, r G (0, R). 

The curvilinear integral along A in (4.21 can be rewritten in terms of the mapping ip: {0,R) —)• M 
and the function j in the conventional way and then further estimated with the help of assump¬ 
tion (4.1) 

(4.4) 


PJX 

(wMa, Na)a = / u;{ry}{r)\u+{r,ip{r))-u-{r,ip{r))\^dr 

Jo 

1 I 12 

- / h —- u-{r,ip{r))\ dr. 

Jo Jnr 


Step 3. Define the following function 

r2-K 

(4.5) 


/'27r 1 

S{r) := J \{d^u){r,ip)\‘^dip-—\u+{r,ip{r))-u-{r,ip{r))\ , 
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where r G (0, R). Thanks to the choice of u, for all r G (0, R) the function [0,27r) 3 ip u{r, cp) 
can naturally be identified with the piecewise-C^ function ipr on the interval I = (0,27r), which 
by [Ml App. E] belongs to Moreover, the relation S{r) = ad^wi'i’r] holds with the form 


as in (2.11), where d = 2Tr and w = l/27r. In particular, doj = 2'kI2'k = 1 and by Corollary 2.12 
we obtain 

<S'(r-) > 0, for all rG(0,i?). 

Finally, using (4.3), (4.4) and non-negativity of S{r) we arrive at 

,R s{r) 




- /„ 


dr > 0. 


□ 


4.2. Non-negativity of for monotone A. In this subsection we obtain various explicit 
sufficient conditions on oj ensuring non-negativity of assuming that A is monotone. General 
results are illustrated with two examples: an Archimedean spiral and a subinterval of the straight 
line in 

Theorem 4.2. Let a monoto ne p iecewise-C^ eurve A C be parametrized via ip'. (0, R) — )• M, 
R G (0,-|-oo], as in Definition 2.7 Let the self-adjoint operator be as in Definition \3.^ with 
ivGL“(A;]R). Then 

If Lo is majorized as above, and additionally, the domain \ A is quasi-eonieal, then ct(H^) = 
[0, -I-cxd). 

Proof. Let S and be as in Hypothesis |2.1[ Without loss of generality we assume that xq = 0 
in Definition 12.71 

Let us define the complement Lie := \ Dji of the disc Du, the curve T := S n Dji, and the 

domains G± := DDr. It is straightforward to see that the tuple {Dji,G+,G-,A,u}} satisfies 


Hypothesis 4.1 


Let u G Fk and define ur := u \ Dr, Uc '.= u \ Lie. Then it holds that 
UR G D{G+) © T’(G_) and [uR]r\A = 0. 


Hence, using Lemma 4.1 we get 


= fDii,u[uR] + llVuclln, > > 0. 


Since Fr is a core for the form a(^, we get by [51 Thm. 4.5.3] that the self-adjoint operator is 


non-negative. If, additionally, the domain \ A is quasi-conical. Proposition 

= [0,+oo). 


3.6 


implies that 


□ 


Example 4.3. Let the pieeewise-G^ eurve A C be defined as 


A := {(r cos(r), r sin(r)) G 


r G 


-}■ 


Obviously, this eurve is monotone in the sense of Definition 2.7 with xq = 0 and ip{r) := r, 
r G (0,+oo). The eurve A is a speeial ease of an Arehimedean spiral. Theorem f.2 yields that 

C [0, Too) if u{r)<-^—^^=, for r > 0. 
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The case of a non-varying interaction strength a; is of special interest. In the rest of this 
subsection we assume for the sake of demonstrativeness that a; G M is a constant. Define also the 
following characteristic of a bounded monotone piecewise-C^ curve A C (parametrized as in 
Definition 2.7) 

(4.6) oj^{A) := inf 


1 


re(o,R) 2TTry/l + (r(/9'(r))2 

It is not difficult to see that 0 < t<;*(A) < -|-oo. 

The following corollary is a direct consequence of Theorem |4.2[ Proposition 3.6 and simple 
geometric argumentation. 

Corollary 4.4. Let A C be a b ounded monotone pieeewise-C^ eurve and let the self-adjoint 
operator be as in Definition 


3.2 


with non-varying strength cu G M. Then 
(t(H(^) = [0,-l-oo) for all OJ £ 


with w* = a;*(A) > 0 defined in (4.6). 

To illustrate this corollary we provide an example. 

Example 4.5. Consider the interval of length L > 0 in the plane: 
(4.7) A := {(x, 0) G : 0 < X < L}. 


Clearly, the interval A is monotone in the sense of Definition 2 .7 with xq = 0 and (p{r) = 0, 
r G (0,L). Then we get from Corollary\4.4\ using formula (4.61, that 


= [0,-hoo) for all w € [- 00 , 1 ^]. 


Remark 4.6. Let A be as in (4.7). It is worth noting that the result of the above example can be 
improved in the following way. Define the points xq = (0,0), xi = (0,L), the intervals 

Ao := {(x, 0) G : 0 < X < L/2], Ai := {(x, 0) G : T/2 < x < L}, 

the discs D^/ 2 (xo)) Dl 12 (^ 1 )^ and the complement 

Dc := \ (Di/2(xo) U Di/2(xi)) 

of the closure of their union. Let u G F\ and define ■= u \ D^/ 2 (xfc), k = 0,1, Uc ■= u \ Dc. 


4.1 


that 


Assuming that cu G (— 00 , :^], we get by Lemma 

we get fT(H(}) = [0,-hoo). 


Thus, the operator is non-negative and by Proposition 


3.6 


One may expect that for a sufficiently large coupling constant w > 0 or for a sufficiently long 
curve A negative spectrum of the self-adjoint operator is non-empty. In the next proposition 
we confirm this expectation via an example. 


Proposition 4.7. Let A C be as in (4.7) and the self-adjoint operator H(; be as in Defini¬ 
tion 3.2 with non-varying strength a; G M. Then 

o'd(H(}) n (-00,0) / 0 


for all oj G (^, -|-oo). 
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Proof. Let us split the plane into three domains 

:= (— 00 , 0) X M, ^2 := (0, L) X M, ila := (L, + 00 ) x M, 


via straight lines 


as indicated in Figure |4?^ 


Hi := {0} X M, 


112 {L} X M, 




a. 


A 


n. 




a 


Figure 4.1. Splitting of into three domains 


Consider the sesquilinear form 

:= dom := {u E dom : u|nfe = 0, k = l,2}. 


It is not difficult to check that the sesquilinear form is closed, symmetric, densely defined, 
and semibounded in L^(]R^). This form induces via the first representation theorem the self- 
adjoint operator in which can be represented as the orthogonal sum Hi©H 2 ©H 3 

with respect to the decomposition Note that Hi and H 3 are both non¬ 

negative and their spectra are given by the set [0,+oo). The spectrum of H 2 can be computed 
via separation of variables in the strip Q 2 - In particular, the ground state of H 2 corresponds to 
the eigenvalue 

Ai(H2) = ^-4a;2, 

where we used that the one-dimensional Schrodinger operator on the full-line with one-center 
point (j'-interaction of strength w > 0 has the lowest eigenvalue —4uj^; cf. [H Ch. 1.4], where not 
io, but /3 = l/w is called the strength of ^'-interaction. 

If the assumption in the formulation of the proposition holds, then Ai(H 2 ) < 0 and the operator 
has at least one negative eigenvalue. 

It remains to note that by Proposition 
ordering 


3.6 


we have cress(H]}) = [ 0 , + 00 ) and that the form 


can easily be verified, which yields by [SJ §10.2, Thm. 4] that the operator has at least one 
negative eigenvalue. □ 
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4.3. Absence of bound states for and LFTs. In this subsection we show absence of 
bound states in the weak coupling regime for a class of bounded non-monotone piecewise-C^ 
curves, which are (with minor restrictions) images of bounded monotone curves under LFTs. 
Since the identical transform M{z) = z is an LFT, this class is certainly larger than the class 
of bounded monotone curves. As an example we treat ^'-interaction supported on a circular arc 
subtending an angle 6 > tt. 

First, we provide for convenience of the reader two standard claims on change of variables 
under LFT. The proofs of them are outsourced to Appendix [Xj 

Lemma 4.8. Let A C be a bounded eurve as in Hypothesis 2.1, let the spaee F\ be as in (2.1), 
and let M: C ^ C be an LFT sueh that M(oo), M“^(oo) ^ A. Then for any u G F\ 

(4.8) / |Vupdx= / iVupdx 

4r2 JR2 

holds with V := u o M. 

Remark 4.9. The function v itself in the formulation of the above lemma is continuous and 
piecewise smooth, but it is not necessarily compactly supported or square-integrable. 

Lemma 4.10. Let A C 6 e a b ound ed pieeewise-C^ eurve, parametrized via the mapping A: / —>■ 
I := (0,L), as in Definition \2.(^ let the space F\ be as in (2.1) and let uj G L“(A;M). For 
an LFT M: C —)■ C with 1 m as in (2.6) and sueh that M(oo), M“^(oo) ^ A define T := M“^(A), 
7 := M~^ o A and 


(4.9) u{j{s)) :=u}{X{s))^^lM{'y{s)), s G I. 

Then the relation 

(wNa,Ma)a = (wHr,Mr)r 
holds for any u G F\ and v := uo M. 

Remark 4.11. Note that the function v in the formulation of the above lemma does not belong 


to Fy in general. However, := u [" with as in Hypothesis 2.1 are well-defined 

and continuous up to T. Hence, the restrictions u±|r are meaningful and [u]r := u+|r — u_|r is 
well-defined. 

Now we can formulate the key result of this subsection, whose proof with all the above prepa¬ 
rations is rather short. 


Theorem 4.12. Let A C &e abounded pieeewise-C^ eurve and let the self-adjoint operator 
HO in L^(M^) be as in Definition \3.^ with non-varying strength cj G M. Suppose that there exists 
an LFT M: C —)■ C sueh that: 

(a) M(oo), M“^(oo) ^ A; 

(b) r := M“^(A) is monotone. 

Let the constant a;*(r) >0 be associated to T via (4.6). Then it holds that 

ct(H(}) = [0,-|-(X)) for all uj G 


where co^ := 


^4r) 


f(2) 


suPzer \/j 

Proof. Step 1. Suppose that the curve A is parametrized via the mapping A: ( 0 ,L) —)■ (as 

in Definition 2.6). Define the mapping 7 := M~^ o A. Due to assumption (a) the curve T is 
bounded and the mapping 7 parametrizes it. Without loss of generality suppose that the curve T 
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is monotone in the sense of Definition 2.7 with xq = 7 ( 0 ) = 0 and with ip: (0, i?) —)• M, i? = \^{L)\. 
Consider the complement Dc := \ Dr of the disc Dr. Let the curve S and the domains 

be associated to A as in Hypothesis |2.1j 

Define auxiliary domains G± := n Dr. Thus, the splitting 

Dr = G+UM-HS)UG_ 


holds. Let oj be defined via the formula (4.9) in Lemma 4.10 Hence, we obtain 


uj < a;sup ^m{z) < w* sup ^ ^m{z) = a;*(r) 


^er 


zer 


Summarizing, the tuple {D/j, G+, G_, L,cj} fulfils Hypothesis 4.1 


Step 2. Let u ^ Fr with Fr as in (2.1 1 and define the composition v := uoM. Set vr := v \ Dr 
and Vc ■= V \ He. Using Lemmas |4.8|and|4.10|we obtain 


(4.10) 


a!^[u,u\ = 


- {uj[u\a, [m]a)a = ||Vi ;||^2 - (w[u]r, [u]r)i 


= ['yR]r)r + llVudln, > 


where we applied Lemma 


4.1 


Step 3. Since the curve A is bounded. Proposition 


[0, + 00 ). The results of Step 2 and Step 3 imply the claim. 


in the last step. Hence, t he o perator is non-negative. 

applies, and we arrive at iTess(HO) = 

□ 


3.6 


To conclude this subsection we show that a model of sufficiently weak (iCinteraction of non¬ 
varying strength supported on a circular arc subtending the angle 2?! — 2e (e G (OjVr)) has no 
bound states in the weak coupling regime. We emphasize that circular arcs subtending angles 
9 > TT are non-monotone and the results of the previous subsection do not apply to them. 



Figure 4.2. The circular arc of radius R > 0 subtending the angle 27r — 2e with e G (0, tt). 


Example 4.13. The circular arc (see Figure 4.2) can be efficiently parametrized as follows: 
(4.11) A := {(i2sin ip, R{1 — cos 7 :) G G (e, 27r — e)}, 

where e G (0, tt) and i? > 0 is the radius of the underlying circle. Consider the LFT M{z) := l/z. 
One easily sees that 


Mi(x, y) = Re M{x + \y) = 


X 


X2 _|_ y2 
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and according to (2.6) the Jacobian Jm of this LFT is given by the formula 


(4.12) 


^ M { x , y ) = -h { dyMif ){ x , y ) 

_ _ 1 

(x^ -|- 7/2)*^ (x^ -|- y2)4 (-^2 _|_ y2'j2 ' 


Next observe that M(oo) = M ^(oo) = 0 ^ A. Moreover, this LFT is inverse to itself and under 
the LFT M~^{z) = llz the arc A C is mapped onto the interval 

F := M-^(A) = {(x,-^) G M^. < cot(e/2)/(2ii)}, 


which is obviously monotone in the sense of Definition 

dMl 


2.7 


Compute further ti;*(F) defined in 


in = • f — = — = ^ 

* re(o,|r|) 27rr 27r|F| 27rcot(e/2)’ 


here |F| in the length of F. Moreover, we obtain from (4.12) that 


Hence, Theorem 4.12| implies that 

= [ 0 ,+oo) 


sup 
zer ^ 


for all cj G ( — oo, (SttR) ^ tan(e/2)]. 


5. Remarks and open questions 


In the present paper we have analysed from various perspectives a new effect of absence of 
the negative spectrum for Hamiltonians with J'-interaction supported on non-closed curves in M^. 
Quite a few questions remain open and we wish to formulate two of them. 


Comparing Example 4.5 and Proposition 4.7 one may pose the following question. 


Open Question A. Let the eonstant L > 0 be fixed and the interval A he as in (4.7). The 
problem is to find the eritieal strength uJcr{L) > 0 sueh that the operator is non-negative if 
and only z/cu G M satisfies uj < uJct{L)- 


The same question as above can be asked for other shapes of A, but the authors do not expect 
that an exact formula for the critical strength can be found. 

On one hand, our method of the proof does not allow to cover curves of generic shape. On the 
other hand, despite many attempts, we have not found out any example of a bounded non-closed 
curve, for which bound states in the weak coupling regime do exist. A general open question can 
be posed. 

Open Question B. Is it true that for any bounded suffieiently smooth non-elosed eurve A C 
there exists a eonstant w* > 0 sueh that (t(H 0) = [0,-|-(X)) for all uj G (—00,0;*] ? 

It is worth noting that the program carried out in Subsection |4.3| for linear fractional transfor¬ 
mations can be generalized by means of Neumann bracketting to arbitrary conformal maps. This 
could be a possible way to answer Question B. 

Finally, we mention that several assumptions play only technical role and can be removed with 
additional efforts. Namely, assuming that A is a subarc of the boundary of a Lipschitz domain is 
technical as well assuming that the curve A is piecewise-C^ in some of the formulations instead 
of just being Lipschitz. 
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Appendix A. Proofs of Lemmas l4T^ and 14.101 


Proof of Lemma 4-8. Consider the following two open sets 

£’:=M2\({M(oo)}UM(A)) and F := \ A. 


By the formula in Lemma 2.10 and using that \ F is a null set we get 

[ |Vupdx = [ |Vupdx = [ \{Vu) o 

JR 2 Je 


According to Proposition 2.9 we have that M~^\ F —?■ F is a bijection which is additionally 
everywhere differentiable in F; cf. (2.5). Hence, we can apply the substitution rule for Lebesgue 
integrals {e.g. jSIl Thm. 8.21, Cor. 8.22]) and get 

[ jVupda: = [ |(Vtt) o M o 
Jr'^ Jf 

= [ jVrtpdx = / iVrij^dx; 

Jf ./R2 

where in the last step we employed that \ F is a null set. 


□ 


(A.l) 


(A.2) 


(w[u]r,Mr)p= [ a;(7(s))|u+(7(s))-u_(7(s))|2|7'(s)|ds. 
Jo 


Proof of Lemma 4-10 Observe first that by definition of the curvilinear integral we have 

rL 
/O 

Using elementary composition rules we also note 

u+( 7 (s)) — u_( 7 (s)) = (m+ o M o M~^ o A)(s) — (rt_ o M o M~^ o A)(s) 


where u± = u \ and v± = v \ M Observe also that A = M o 7 . Using (2.6) and (2.7) 

we obtain 

|A'(s)|^ = ((VMi o 7 )(s) • 7 (s))^ + ((VM 2 o 7 )(s) • 

= |(VMi o 7 )(s)p • | 7 '(s)p cos^ a + |(VM 2 o 7 )(s)p • | 7 '(s)p sin^ a 
= Jm(7(s))-|7'(^)P, 


where a is the angle between VMi and 7 '. Thanks to (A.l) and using (A.2) we arrive at 

fL 

/o 


(a;[u]r, Hr)p = / w(7(s))|u+(7(s)) - u_(A(s))p |7'(s)|ds 
Jo 

a;( 7 (s)) 


|n+(A(s))-ir_(A(s))nA'(s)|ds. 


'0 v'Jm(7(s)) 


Finally, employing (4.9) we end up with the desired relation 

(w[u]r, Hr)p = (wNa, Ma)a- 


□ 
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